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Abstract
The lattice Boltzmann (LB) method, as a mesoscopic approach based on the kinetic theory, has
been significantly developed and applied in a variety of fields in the recent decades. Among all
the LB community members, the pseudopotential LB plays an increasingly important role in
multiphase flow and phase change problems simulation. The thermal immiscible multiphase
flow simulation using pseudopotential LB method is studied in this work. The results show that
it is difficult to achieve multi-bubble/droplet coexistence due to the unphysical mass transfer
phenomenon of “the big eat the small” – the small bubbles/droplets disappear and the big ones
getting bigger before a physical coalescence when using an internal energy based temperature
equation for single-component multiphase (SCMP) pseudopotential models. In addition, this
unphysical effect can be effectively impeded by coupling an entropy-based temperature field,
and the influence on density fields with different energy equations are discussed. The findings
are identified and reported in this paper for the first time. This work gives a significant
inspiration for solving the unphysical mass transfer problem, which determines whether the
SCMP LB model can be used for multi-bubble/droplet systems.
Keywords: multi-bubble/droplet coexistence, unphysical mass transfer, thermal immiscible
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Introduction
As an unconventional numerical method which is based on the mesoscopic kinetic equation,
the lattice Boltzmann (LB) method [1-4] has drawn considerable attention and been applied to
a wide range of fields such as phase change [5], wetting phenomena [6,7], porous media flow
[8], electroosmotic driven flow [9] and flow with moving boundaries [10], etc. The
pseudopotential LB method, which was firstly presented by Shan and Chen [11,12], has
become one of the most important and popular LB community members due to its conceptual
simplicity and computational efficiency [4]. In this model, the pseudopotential ߖ is introduced
to mimic the interaction forces for the neighbouring particles, which renders an automatic
phase separation without a specific tracking or capturing method for the interface between
different phases. Owing to this particular phase separation characteristic, the pseudopotential
LB has been well applied in multiphase flow and phase change.
The original interaction force of single-component multiphase (SCMP) models acting on a
particle at the position ܠ from the nearest-neighbouring particles is given by [11]
ࡲ(࢞,ݐ) = −ܩߖ (࢞)∑ ݓఈఈ ߖ (࢞+ ࢋఈߜ௧)ࢋఈ , (1)
where ܩ,ݓఈ ,܍ఈ and ߜ௧ are the parameter controlling the interaction strength, the weights, the
lattice speed vector and the lattice time step, respectively. Besides the use of SCMP models,
multi-component multiphase (MCMP) models are also widely applied, and the interaction
force can be written as [12]
ࡲఙ(࢞,ݐ) = −ߖఙ(࢞)∑ ܩఙఙഥఙഥ ∑ ݓఈఈ ߖఙഥ(࢞+ ࢋఈߜ௧)ࢋఈ , (2)
where ߪ and ߪതdenote the corresponding components. It has been reported that generally multi-
bubble/droplet configurations cannot be formed when performing a conventional first order
multiphase pseudopotential model [3], which impedes an extended application of LB in a
number of fields such as atomization, spray formation and phase segregation. Our study finds
that the MCMP models do not suffer such a problem, and some multi-bubble/droplet flow
studies from other researchers using MCMP models can be found in reference [13-18].
However, the multi-component models have not drawn as much attention as the single-
component models because of the density ratio and viscosity issues [3].
Another major finding in our study is that the selection of a proper energy equation for thermal
LB models can be advantageous for multi-bubble/droplet systems as well. For thermal LB
models, without considering the viscous heat dissipation and the compression work, the
internal energy equation is given by [4]
௧߲(ߩ ௩ܿܶ) + ߘ ∙ (ߩ ௩ܿܶ࢜) = ߘ ∙ (ߣߘܶ) , (3)
where ߩ is the density, ௩ܿ is the specific heat capacity, ܶ is the temperature, ܞ is the velocity
vector, ߣ is thermal conductivity and ݐdenotes the time. Furthermore, if ௩ܿ is a constant, the
internal energy equation can be reduced to
௧߲ܶ + ࢜ ∙ ߘܶ = ଵఘ௖ೡߘ ∙ (ߣߘܶ) . (4)
Li Q. used another energy equation in their model [5]
௧߲ܶ + ࢜ ∙ ߘܶ = ଵఘ௖ೡߘ ∙ (ߣߘܶ) − ்ఘ௖ೡቀడ௣ಶೀೄడ் ቁఘ ߘ ∙ ࢜ , (5)
where ݌ாைௌ is the non-ideal equation of state, and this energy equation is derived from the
entropy equation neglecting the viscous heat dissipation
ߩܶ
஽௦
஽௧
= ߘ ∙ (ߣߘܶ) , (6)
with the thermodynamic relation
ܶ݀ݏ= ௩ܿ݀ܶ+ ܶቀడ௣ಶೀೄడ் ቁఘ ݀ቀଵఘቁ , (7)
where ݏrepresents the entropy. In addition, in their work it has also been reported that the
thermal lattice scheme can produce a significant error by the forcing term, thus in this work all
the thermal equation are solved by the classical fourth-order Runge-Kutta scheme [19].
Through studying thermal LB models using the two energy equations (4) and (5), it is found
that it is much more difficult to form a multi-bubble/droplet configuration when applying Eq.
(4). The fact of unachievable multi-bubble/droplet configuration is due to an unphysical mass
transfer phenomenon which we call “the big eat the small”. As shown in Fig. 1, the small
bubbles/droplets become smaller and even disappear over time while the big ones getting
bigger without a physical coalescence, simulated using the basic Shan-Chen SCMP model [12].
It should be pointed out that an isothermal system is equal to a thermal LB model along with
the energy equation (4), which means the isothermal SCMP models also suffer the same
unphysical mass transfer problem.
Take in Fig. 1
Numerical simulation
The original Shan-Chen model [12], an improved Bhatnagar-Gross-Krook (BGK) model with
the given code in reference [20], the Gong-Cheng model [21], an improved multiple-relaxation-
time (MRT) model from Li Q. [22] and the midrange repulsion model [23], all of which involve
various forcing schemes, non-ideal equation of states and collision forms, are all tested in our
study. The result shows none of the model can get rid of the unphysical mass transfer when
coupling the energy equation (4). The following numerical simulation and discussion are based
on the Li Q. improved MRT model and the details of the model can be found in reference [5].
Following their model, the boundary conditions are set as Zou-He solid boundaries for the top
and the bottom and the periodical boundaries for the left and the right to close a 200 × 100
computational region. For the thermal simulation, the top and bottom boundaries are constant
temperature ௦ܶ and ௕ܶ with a small temperature difference ∆ܶ = ௕ܶ − ௦ܶ = 0.001 for a simple
heat transfer case. It should be noticed that it is the energy equation selection that matters in
our study other than the heat transfer cases. First, a single bubble with diameter 40 is simulated
to test the coexistence of liquid/vapour densities by the Maxwell construction with the
saturation temperature ௦ܶ = 0.86 ௖ܶ, where ௖ܶ is the critical temperature. The coexistence
densities and the Maxwell construction using Ping-Robinson EOS [24] are shown in Fig. 2.
From the picture it can be seen the simulation result is in good agreement with the theory
thermodynamic consistency.
Take in Fig. 2
Bubble systems and droplet systems are tested with an initial larger bubble/droplet with
diameter 40 and a small one with diameter 20 using the two different energy equations. The
radius variation curves of the small bubble/droplets are shown in Fig. 3. From the figure it can
be seen that the unphysical mass transfer is much severer in bubble systems than droplet
systems, and the mass transfers faster when the bubble/droplet volume ratio increases. Besides,
the mass transfer only occurs from the smaller bubble/droplets to the larger ones, but not vice
versa. In addition, the problem can be effectively restrained by coupling the entropy-based
energy equation.
Take in Fig. 3
Finally in Fig. 4 the density fields for the two different energy equations are compared. The
main difference of the two density fields is that when conducting Eq. (5), one layer of high
density region appears outside of the bubble/droplet interface, where for Eq. (4) it should be
the same with liquid/vapour density. This spurious density layer caused the interface
nonmonotonic. If the unphysical mass transfer is caused by the spurious currents, this high-
density layer might be the reason that disturbs the spurious currents and thereby restrains the
phenomenon of “the big eat the small”. Nevertheless, the real reason and the way to eliminate
the unphysical phenomenon for SCMP models still need to be investigated in the future work.
Take in Fig. 4
Conclusions
In the present study, we report our new findings of a critical problem of the conventional
thermal/isothermal SCMP pseudopotential LB models. It is the first time this type of problem
is identified and reported. After testing a number of typical models involving various forcing
schemes, non-ideal equation of states and the relaxation schemes of SCMP LB models with
the internal energy based energy equation, we found the multiple bubbles/droplets could not
coexist due to the unphysical mass transfer phenomenon, or “the big eat the small”. Meanwhile,
this unphysical problem can be effectively restrained with an entropy-based energy equation.
Although the mass transfer problem cannot be solved in this work, our study points out a
reasonable orientation for the further investigation. Form our study the following conclusions
can be drawn:
(1) The unphysical mass transfer phenomenon exists in most of the thermal SCMP
pseudopotential LB models with the presented internal energy based energy equation,
of which the isothermal situation is included.
(2) The mass transfer only occurs from the smaller bubble/droplets to the larger ones, but
not vice versa.
(3) The unphysical mass transfer is much severer in bubble systems than droplet systems,
and the mass transfers faster when the bubble/droplet volume ratio increases.
(4) The unphysical mass transfer can be effectively impeded by coupling an entropy-based
energy equation.
(5) A high-density layer outside of the bubble/droplet is produced by coupling the entropy-
based energy equation, which might be the reason to restrain the unphysical
phenomenon.
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Figures:
(a) (b) (c)
Fig. 1 Multi-bubble configuration evolution in a 200 × 150 computational domain with
periodical boundary condition (a)ݐ= 200ߜ௧ (b)ݐ= 400ߜ௧ (c)ݐ= 800ߜ௧
Fig. 2 The Maxwell construction with ௦ܶ = 0.86 ௖ܶ for Ping-Robinson EOS
Fig. 3 The small bubble/droplets variations with different energy equations
Fig. 4 The density variation in the cross section with different energy equations
